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= J| 8t & & (Branch-and-Bound)

| AR S 2tECIE S0t 2 HIE ol &
M O| 6 E +ot= = Ml(optimization problem)0il &g o~
MOl ol E Pot)| Rl M=E HXHL 2= ol E CF D 24oll 2010F ot
£ E2|Q| 0tCI E =2l(traverse)ot= & 0l 20X &2 =L
o = J|SHH &2 &2 &
2H 0HCI E 24 [ OtCH L OFCIOt R2etX el R E Z&8ot)| 2ol
N StAHI Xl (bound)S Al &HSHLE.
JetAHIXI=E Ot E22H LN E M H LM (branch) 2= = U= of
=pp=l @ﬁl% PEPLHEP
c

ol
O

10

X
2
_]O
|
rol
x
Al
U
ﬁ

ol
~

bl

(CH = = A Bl EA &2
dRe Oléi DPXI% “&"”OMH SME HSE ERILALESE, 1 Ot
= S 2otAl 20 & = UL
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L

0-1 BHE M =J] = A

D8R JIXIXI I 2 20| L UM (= g =X
MEHEBZ2tELZE =0t T =& J|Hez 2HE ECH

He|0CINAM 2122 J1H HHY OOl E 2 Yol €= 2011,
QEZOZ JIH HH OtOIE S Lol € X &= Z0ILCH
SUSHYHOZ E2|I9 =ZF 1M B2 2 IJtH S B OOl & = B
Sl E= H20|10, LEXCZ JIH QX 2= FL0ICH

Oled A2z HEGHH AEHS2tECIE *=06tH, 2£2|0ICI 22 H A0t
CItXIS EE d=2= lEg= 2t & L

Ol 2 M= =&2| ol E &= = Ml(optimization problem)0| 2 2 ZA40| 2
ol 2L M= oilE = & =Dt Sl [etN A= ot IHE S0
stah ] MKl 22 = &2l o E J|Holf S0 OF stLt.

2011-12-12 2 0els 2o =201 6 4



void checknode(node v) {
node u;
If (value(v) Is better than best)
best = value(v);
If (promising(v))
for (each child u of v)
checknode(u);
}
best: KISl 22 K £2 ol € Xl.
value(v) : v OtCI 0l M 2| ol & K.

2011-12-12 2 0els 2o =201 6



O-1 i M| 12l

12| AHIKI:

Let:
 profit: _1 OFCIO LI|IHAI EA
« weight : 1 OFCI Ol 217K <

 bound: OFC| It =2 i0ll AUCHL
= =CHD oA 331‘34
totweight = weight + Zw

j=i+1

k—
bound = ( profit + Z j+ (W —totweight ) x —«

OLOIE 2l gt i X1 2] &
ﬁ'id OLOIE 2 = A2l &
o)

-0
F0, =& k0l A= OtCIHIM SR AHILWE

- maxprofit: XIS MKl &2 = &2 HE 0| =
w2t p,E 22 i8R OOl E 2l S H2F 840
NE2H HEXE=2 2 00|82 = EEZetLt (ES
; A—IIO|X|D|- Ol-j a| |.
maxprofit := $0; profit := $0; weight := 0

2011-12-12 2 0els 2o =201 6

(@)



20|FH=F 2 2 0ICIE Y=ot Lis= =& et
1. _1 OtCI 2| profit2t weightE Al &FstLE,
2. 1 OtCI 2| boundE Al &FSHCE.

3. weight < W and bound > maxprofit0| &, 2 A4 = H =
X Yo0 g =A

UEZE0let ) HAE SRUJ oM 2M= 0L =5

0 =
E1 z Mol o Uhz2le 282 8L

o £J|:n=4,W=160[1

>
ol

Ct:

g M, S=8= AtEot =5 JHA & I Efs2HECE 1
cd BAIL.
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item 1 Fﬂ

2

item 2 Fso}

5

item 3 FSO}

10

$10}

item 4 { -

2011-12-12

Backtracking (0,0)
$0
0 W=16
$115
(1,1) (1,2)
$40 $0
2 0
$115 $82
(2,1) (2,2) X
$70 $40
7 2
$115 $98
(3,1) (3.2) (3,3) (3,4)
$70 $90 $40
7 12 2
$80 $98 $50
X
(4,1) (4,2) (4,3) (4,4)

$80 $70 $100 $90
$80 $70 $90
X X X X

e
N
o
ol
0%
10
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® T
C

y

O-1BHE M=) 2 lels: &5

2 12|s0] dot= 0Ll 2 == (2" 0| L},
IS B3R =A: &

« ) ) L

O
[
w
—
=

0l 20280l sH A28 A4 2

Jdels B0 £E201?

stalotH CHEold| 2Jts oL,
Horowitz 2t Sahni(1978)= Monte Carlo J| &= AtE0t({ &
AL N2S0l sHEAHEE gIes 2L detEC 2 [
r=li= 4= 230t LE

Horowitz 2t Sahni(1974) Jt =
oot JHE S 2 el&2 0(2") <
4, O 2el&s2 =& 22

Lt etCt.
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=J|etd sk =S &2 &2 et SFO0|L
StH 240l maxprofite S Mgt 2CH AKX LCHH RS 4= falseE & A
&=Lk,
(ZO|SEEMN J|Eteh) &l =8 Llds=2 &)/stE8 S AtEot] &
=+ U= BE =S MU =2 &2l Al =etll.
= J|etd JFAIXI D] x| 1) & & A (best-first search with branch-
and '

b

0
110
ol

Hets It

HAN, 2J18tE JHXIXI I HB| S &3 A
and-bound pruning)= Ol 6l 6t 12, OI%
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0|

6.1.1 2II8HE JIXIXI D2 HHI D& 2 A

o L[S & & A (Breadth-first Search)= M :
(1) & EM[] 01 Xf 24 AHBHCY,
2 TSl == 101l A= LE Ot
(QEWHQEEQE)
Q) L0l == 20il U= 2= OtL
(%%WHQE%QE)
4) ..

nJlru
i
ol
O

nJan
é
ol
O
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OlHIMO| [{H| @M HAH 22| =

= L T T - O /M

void breadth_first_search(tree T) {

queue_of node Q; [l HO1 & (queue)E AtE
node u, v;

initialize(Q); QS Bl IIEZ =J| 3t
v =root of T;

ViSIt V;

enqueue(Q, v);
while (lempty(Q)) {
dequeue(Q, v);
for (each child u of v) {
Visit u;
engqueue(Q, u);

}

2011-12-12 2 0els 2o =201 6



SIIBHE LHIRQMEM 2025

void breadth_first_branch_and_bound(state space_tree T, number& best)

{

queue_of node Q;

node u, v;
initialize(Q); I/Qez Bl tHo|g =2 x=)|at
v = root of T; /[EEC|0IC| E e &2

enqueue(Q,v);
best = value(v);
while (lempty(Q)) {
dequeue(Q, v);
for (each child u of v) { /I 2t XIAOICIE 232
if (value(u) is better than best)
best = value(u);
if (bound(u) is better than best) // 8tH 80|  E2 R0t
enqueue(Q, u);

J|

ML

2011-12-12 2 0els 2o =201 6 13



FAIXID2 HE[SAENE
20| = Ct. Ol & A45t= Ot

amm|agw£a§a%1azau%+
Cle == 170|Ct & =& D2 SE L E X 2L
| 00 wots
$40
Item 1 } 0
L 2 (1,1) $115 (1,2)
$40 $0
) 2 0
. $30
$115
item 2 | } (2,1) 2.2) 2.3) /" E (24)
$70 $40 $30 $0
7 2 5 0
item 3 Fso} $115 $98 $82 $60
10 (3,1) 32) (3.3 (3.4) (3,5 (3,6)
$120 $70 $90 $40 $30 $30
17 7 12 2 15 5
$0 $80 $98 $50 $82 $40
$1o
item 4 (4.1) (4.2)(4,3) (4,4)
$80 $7o $1oo $90
$80 $7o

14

|]|>|
il

2011-12-12 el



void knapsack2 (int n,
const int p[ ], const int w[],
int W,
int& maxprofit)

{
queue_of_node Q;
node u, v;
initialize(Q); // Initialize Q to be empty.
v.level = O; v.profit = 0; v.weight = 0; // Initialize v to be the root.

maxprofit = 0;

enqueue(Q, v);

while (! empty(Q)) {
dequeue(Q, v);

ulevel = vievel + I; // Set u to a child of v.
u.weight = v.weight + wlu.level]; /] Set u to the child that
u.profit = v.profit + plu.level]; // includes the next item.

if (u.weight <= W && u.profit > maxprofit)
maxprofit = u.profit;

if (bound(u) > maxprofit)
enqueue(Q, u);

u.weight = v.weight, // Set u to the child that
u.profit = v.profit; /I does not include the
if (bound(u) > maxprofit) I/ next item.

enqueue(Q, u);

}
}

2011-12-12 Zilcls 42 =c40l= 6




float bound (node u)
{

index j, k;

int totweight;

float result;

if (wweight > = W)
return 0;

else {
result = u.profit;
j = ulevel + I
totweight = u.weight,

while (j <= n && totweight + w[j] <= W)
totweight = totweight + w[j];

result = result + p[J];
jt+;

}

k =j;

if (k <= n)

result = resuft + (W — totweight) * p[kl/w[k];

return result;

2011-12-12

ol

/{ Grab as many items
// as possible.

// Use k for consistency
/ with formula in text.
/! Grab fracton of kth
/I item.

16



6.12 2J|8t ™ JIXXIDI2 X DA
& A (Best-First Search)

o I =OlGHE Uv+a| C 2ot SE Ma:
1. =0 &l OtC| 2l 2= AA UL E ZE&et =,
2. 7 4otH A ”é*c | & 2 (unexpanded) OtC| E &HH
B
3. 1 =0UM IHE 2= 112]) 8t AH Xl (bound)E JHA
OtCl = =& st

o X )& & M (Best-First Search)2 L H| &1 & AH

Ol HIoH A Z0H&

2011-12-12 gels 22 s240lE 6 17
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| CH D1 <& (Priority Queue)

0] T =5
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SIS 2 DRHAM 2 D2IE

void best_first_branch_and_bound(state_space_tree T, number best)
{

priority _queue_of node PQ; // priority queue

node u, V;

initialize(PQ); IIPQE Bl o€ 2 x=D|3g}
v = root of T;
best = value(v);
insert(PQ, v);
while (lempty(PQ)) { /I 10 StHGHE It OtCIE M A
remove(PQ, v);
if (bound(v) is better than best) // OtC|JF Ot& 7
for (each child u of v) {
if (value(u) is better than best)
best = value(u);
if (bound(u) is better than best)
insert(PQ,u);

ANl 8

rot

}
}

2011-12-12 2 0els 2o =201 6 19



3 & AEHSZ2tERIE A 2H, LIS
Clel Ji<== 110|C
FCI 2] JH == | Ct 0.0)
$0
0
$40
2
$115
$30 (2,1)
tem2 |°| = (2.2)
7 $40
$115 /
. $50 $98
item 3 {10} (3,1) 3,2) (3,3)
$70 $90
$80
$10
item 4 { } (4,1) (4,2)
$100 $90
17 12
$0 $90
2011-12-12 A DR|E 2O 2210/E 6

ot EJ[etd

XX I 2 F DRE
20| ECH Ol HdMBt=

-I/\HQ
=

C)
AT 1 —/
2

(1.2)
$0

$82

(3.4)
$40

$50

REZEE]
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Best-first search with branch-and-bound pruning

item 1 F‘m}

2

maxprofit = $40

: $30
Iitem 2 { c }

item 3 FSO}

10

$10}

item 4 { c

iy
03
10
[l}g
il
=)

n
(©)}

2011-12-12 el
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Best-first search with branch-and-bound

item 1 F‘m}

2

item 2 Fso}

5

item 3 FSO}

10

$10
5

item 4 {

2011-12-12

maxprofit = $40

2e|E 2o £2t01E 6
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Best-first search with branch-and-bound

item 1 F‘m}

2

item 2 Fso}

5

item 3 FSO}

10 maxprofit = $70

$10
5

item 4 {

0l
03
10
>
=
(=)

n
o
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Best-first search with branch-and-bound

item 1 F‘m}

2

item 2 Fso}

5

item 3 FSO}

10 maxprofit = $70

$10
5

item 4 {

2011-12-12 2 0els 2o =201 6
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Best-first search with branch-and-bound
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Best-first search with branch-and-bound

iy
03
10
[l}g
il
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Best-first search with branch-and-bound

(0,0)

. $40

Iitem 1 { ) }

. $30

Item 2 { c }

maxprofit = $70

. $50

Item 3 {10} (3,2) (3,3)

item 4 Fﬂ maxprofit = $90

iy
03
10
[l}g
il
=)

n
(©)}
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Best-first search with branch-and-bound

iy
03
10
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=)

n
(©)}

2011-12-12 el 28



Best-first search with branch-and-bound

item 1 F‘m}

2

item 2 Fso}

5

item 3 FSO}

10

$10
5

item 4 {

2011-12-12

(0,0)
$0
0
(1,1) $115 (1,2)
$40 $0
2 0
$115 $82
(2,1)
$70 (2,2)
7 $40
$115 2
$98
(3.1) (3,2) (3,3) (3.4)
$70 $90 $40
7 12 2
$80 $98 $50
L (4,1) 4,2)
maxprofit = $90 S50 %50
17 12
$0 $90
D25 2o 2240IE 6 29



void knapsack3 (int n,
const int p[ ], const int w[],
int W,
int& maxprofit)

priority_queue_of_node PQ;
node u, v;

initialize(PQ);
v.level = O; v.profit = 0; v.weight = 0;
maxprofit = 0;
v.bound = bound(v);
insert(PQ, v);
while (! empty(PQ)) {

remove(PQ, v);

if (v.bound > maxprofit) {

u.level = v.level + I;

/1 Initialize PQ to be empty.
Initialize v to be the root.

/I Remove node with
/I best bound.

/I Check if node is still
/I promising.

u.weight = v.weight + wlu.level];

u.profit = v.profit + p[u.level];

if (u.weight <= W && u.profit > maxprofit)
maxprofit = u.profit;

u.bound = bound(u);

if (u.bound > maxprofit)
insert(PQ, u);

/I Set u to the child
/I that includes the
/I next item.

u.weight = v.weight;

u.profit = v.profit;

u.bound = bound(u);

if (u.bound > maxprofit)
insert(PQ, u);

/I Set u to the child
// that does not include
/I the next item.

I
}
}

2011-12-12 giels 9
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JE A

® 0-1 knapsack problem
453 0-1 BRI 2 M E
571 0-1 BHE X RD|I 2 M E
2 N2lS 6.1 0-1 BHE RIS II EX
& IJHAI XD U234 2852
2 1N2lE&6.2 0-1 1L XH<LI X
ORI DA 21)2|S

U O W £0 O
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(Traveling Saleswoman Problem)

1L

L

6.2 2

g K
W X
_,.Azma Bu__a
_____o__ oo
all=5i W 2
MWO H| o
<2 m O
oo s
md X5
|_IO __oo”
< D g
m -
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H o 9} 3
K1 - £
I — n
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ok Wi S o
s R S %
zp o) A 00 =
ol_w_.E_E_l:Mo
o B 5 K
gl o) 8 0 =
oonAfH o M
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X Ol
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J

J

=

1

2
o

2 20| Lt
o Ul e E=FHEZZ SUHM 200t 20t &=

=0 & & Z (optimal tour) It =l Ct.

=& (n-1)!0|C}.
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21 0lCl= S 2 0L 2282 €=HAE B =22 LIEHLHA &l =0, & H
CHOHIE = 28, F£2l0tC 2 B 2= [1]0] & 12, 2| 0FC| Off Al &
o LIDte &= 10l Y= i@ 2= 2024 1,2],[1,3], ..., [1,5]9F & 1,
OtCI [1,2]01 A1 O LDt ==& 201l L= OtCI =2 040“71§; 252
[1,2,3],...,[1,2,5]9t & 10, Ol Ale 2 W] LIDIM & OFCI 0l S5
CH 28t d=HAHEZ2E LA A = L

et L F=HHEZE 2ot)| Flofd= & 0Ll U= == H
Jd2E B5F ZAotH A SUHAMH JHE 20| 2 E@FHESZE &
©H =L

&0 2 WA 2 OtCIo &S A= 0L IH4000F & H H O &F
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[1,2,3,4] =

[1,2,3,4,5,1]
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SII8HE JIXIXIDIZ 2 DA 242 ALR51D| SIsH Al 2 OFCI S 8+ X
= 8t & QU0j0F BICH Ol 2MOIAIS =0 OFTIOAl Ol LIDIA 22
4 Q= (AR 210/ BIBHEIAX)S P5I0 BHAIXIR B0 021D
2t DICIS 28 I FACI B 22 20| £CF 8HAIXIJF =S 22 1 0l
Cl= SUBICD BICH A A GBI H RO 22U w2 S=C0t ot A
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LK Z 20 =8t 2 OtCI 2 8 &)
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OtCI [112] bound

v; minimum(14,4,10,20) =4 (v, S y=H]8)

V, minimum@4,7,8,7)=7 (v, EHU}=H]E)
Vs  minimum@,5,7,16) =4 (v3 &= 1H]-8)
v, minimum(@1,7,9,2)=2 (v, &= 18]-8)
Ve minimum(@8,7,17,4) =4 (vs E W H=1H]-])

bound: 4+7+4+2+4=21

bound = [1,-+ k] %‘E 9| ijﬁl

Vv Ol A AG 28 BEOR Jh= 0|2 49 201S SOA F AX
+ 3 (VOLA Aofv,}-{v}0l 8 H§REO=2 Jt= 01242 20IE =
EES)
2011-12-12 2es 242 =2t0lE 6
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OtCI [1]12] bound

:{V2’V3’V4’V5}

v, min(v,,V,,V,,Vs) =min(14, 4,10, 20)
vV, min(vy,V,,V,,V.)=min(14,7,8,7)=7
v, min(v,V,,v,,V:.)=min(4,5,7,16)=4
v, min(v,V,,V,,V.)=min(11,7,9,2)=2
Ve min(v,,V,,V,,V,)=min(18,7,17,4) =4

bound : 4+7+4+2+4=21

[1,-- k]2 B ZE JtA OICISl StAHIXl= ChSa 20| F28HCH. Let:
A=V -([1,-,k] 320 =st 2E OICI2 & &
bound = [1,--- k] & &9 el
+ v 0l A A0l Set 82 =2 Jt= OI%&'QI 2 0]
+ I AVO0IA Ao{v, i —{v;}0Il & EE2
HM =X

2011-12-12 gels 22 s240lE 6



Vi

Vo
V3
Va
Vs

OtCI [1,2]12] bound

14 (v > v, 27=H8)
minimum(7,8,7) =7 (oA A={v,,v,,v.}l =3 HH o
minimum(4,7,16) = 4 (v.oll AN AuU{v }-{v. 3l < 2}7379, O B2 7}=o
minimum(11,9,2) = 2 (v,°ll A AU{v,}-{v, Il =3} 79713:]2;7}1;—0 S-41)
minimum(18,17,4) = 4 (v, A AU{v}-{v.}l =

H
>~1
X,
O
HU
N
N
1ls
- 9
dlo
(2

1
o
o, ©
UN
lo
it
AN
)
ils
1%
dlo
r

bound: 14+7+4+2+4=31

bound = [1,:-,k] %E +9| = 2|

Fv OlA AN 2B BEOZ Jh= 0l2 49 201S S0IA XA
F (O A AU{V, 1-{v,}0ll £3 BEO2 D= 01289 20ISE =

Ol A =l AXI)

2011-12-12 gels 22 s240lE 6 40



OtCI [1,2]2] bound

A={v,,v,,V.}
Vi 14 (v, > v, 27H=H]8)

v, min(v;,Vv,,vs)=min(7,8,7) =7 (VolX A={v,,v,, v}l &3 HH o 2 7=0o] &

v, min(v,,v,,V.) =min(4,7,16) = 4 (v,oll XJA U{v}-{v,}ll &3 H P o 2 7}=0o] =

bound = [1,---,k] 2 &9 =42

+ V0l Al 28 BHOZ Jhe 01849 201S SUA Z AR
+ S AV OIA AU{v,—{v.}0ll 8 HFEOZ Jt= 01842 201E &

A Z=IAXI)

2011-12-12 gels 22 s240lE 6



0+CI [1,2,3]2! bound

14 (v — Vv, 2 7F=H]-])

7 (v, > V3 S =E27F=1H]8)
minimum(7,16) = 7 (vl A={v,,v: &3 A H o 7 7= o] -4
minimum(1l, 2) = 2 (vl A U{v }I-{v, Il &3
minimum(8, 4) = 4 (vl XA O{v F-{v: Il &3 A%

bound: 14+7+7+2+4=34

bound = [1,-+,k] %‘E +9| ZJ{¢el
+ v, 0l A0l SSet 3E2Z Jt= 0|62 20|
+ I AVO0IA Ao{v, i —{v;}0Il & EE2
A = AXI)

2011-12-12 2eE L2 =2t0lE 6 42



0+CI [1,2,3]2! bound

A= {V4 ) Vs}
v, 14 (v, - v, Z7}=1]8)
v, 7 (v, > Vv, ©E 7P 8

v, min(v,,v.)=min(7,16) = 7 (VoA A={v,,v.}&53EHH O = 7}=0o] )
v, min(v,v.)=min(1l, 2) =2 (v, AU{v}-{v, &S HH o= 7=l S4)
V. min(v,v,)=min(18, 4) = 4 (VOAIANAU{vI-{v.lEHH o 2 7l=0o] &)

bound: 14+7+7+2+4=34

bound = [1,---,k] 2 &9 =42

+ V0l Al 28 BHOZ Jhe 01849 201S SUA Z AR
+ S AV OIA AU{v,—{v.}0ll 8 HFEOZ Jt= 01842 201E &

A Z=IAXI)
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void travel2 (int n, const number W[][], ordered—set & opttour, number & minlength)

priority_queue_of_node PQ;
node u, Vv;

initialize(PQ);
v.level = 0;
v.path = [1];
v.bound = bound(v);
minlength = infinite_value;
insert(PQ, v);
while (IEmpty(PQ)) {
remove(PQ, v);
if (v.bound < minlength) {
u.level = v.level + 1;
for (all i such that 2 <=i<=n &&i is not in v.path) {
u.path = v.path;
put i at the end of u.path;
if (u.level ==n-2) {
put index of only vertex not in u.path at the end of u.path;
put 1 at the end of u.path;
if (length(u) < mlnleng%th) {
minlength = length
opttour = u.path;

} else {
u.bound = bound(u);
if (u.bound < minlength)
insert(PQ, u);

}
} // end of for

} // end of if
}} // end of while
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